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BENDING OF CIRCULAR PLATES OF HARDENING MATERIAL

E. P. POPOV, M. KHOJASTEH-BAKHT and S. YAGHMAI

University of California, Berkeley

Abstract-A general bending analysis of axisymmetrically loaded and supported circular plates of hardening
material is presented in this paper. This is an extension of a previous work by the authors [13] on the analysis
of elastic-plastic circular plates. The Kirchhoffean assumption is postulated and the investigation is limited to
small deformations. For illustrative purposes, the incremental theory of plasticity with von Mises yield condition
and the associated flow rule are adopted, and work hardening is assumed to be isotropic. This is not an inherent
limitation of the method, as any plasticity hardening law can be used. The finite element approach using the
direct stiffness method of matrix analysis of structures is employed to achieve the solution. The plate is divided
into a number of annular elements which are further subdivided into several layers along their depths. Loads
are applied in small finite increments. For each increment ofloading, material properties are assigned to each layer
of all annular elements and the stiffness matrix of the plate is computed accordingly. The variation of material
properties within each increment of external load is considered. An example of a uniformly loaded clamped
plate is given.
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deviatoric strain tensor
strain tensor
elastic components of strain tensor
plastic components of strain tensor
principal strain components
modulus of elasticity
tangent modulus in uniaxial test
elastic-plastic modulus
yield function or loading function
plate thickness
distance of kth layer from the reference plane
function of equivalent plastic strain
radial and tangential curvatures
radial and tangential moments per unit length
number of layers
transverse load per unit area
radial transverse shear per unit length
coordinate axes taken in the plate, Z is measured positive downward from the reference plane
stress tensor
principal stress components
slope
deflection

INTRODUCTION

THE problem of bending analysis of axisymmetrically loaded and supported circular
plates made of hardening material has been studied in the past. Solutions based on both
the deformation and the flow theory of plasticity have been reported by the investigators.
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The early attempt was made by Sokolovsky [lJ who used deformation theory of plasticity
in the bending analysis of circular plates. The rigid-work hardening model together with
piecewise linear yield conditions has been utilized in the solution of circular plates prob­
lems [2, 3]. The case ofplates under uniform [2J and concentrated load [4J has been analyzed
for material obeying Tresca yield condition. Mises yield condition has been linearized for
the solution of plate problems [5,6]. In addition to solid plates, the case of annular plate
was treated in [7, 8]. The use of numerical integration to handle the bending of circular
plates made ofrigid-isotropic hardening material is demonstrated in [9, lOJ and for rota­
tional shell made of elastic-isotropic hardening in [11]. In the latter paper Marcel and
Pilgrim used a step-by-step predictor--eorrector approach and exhibited the propagation
of the plastic region in a torispherical pressure vessel head. An incremental analysis of
circular plates for Reuss-Mises stress-strain relationships was presented by Lackman [12].
In the paper an example for a uniformly loaded simply supported circular plate is
given.

In this paper a perfectly general method of bending analysis of circular plates with
axisymmetrical loading and support conditions is presented. The proposed procedure is
applicable for any inelastic response but is limited to small deflections, In the proposed
method of analysis any type of hardening material can be specified, For the purpose of
illustration, however, incremental law of plasticity for isotropic hardening material obeying
the von Mises yield condition has been selected. This paper is an extension of an earlier
work [I3J on circular plates of elastic perfectly plastic material.

FORMULATION OF THE PROBLEM

The general finite element approach using the stiffness method of matrix analysis of
structures for circular plates has been presented previously [13]. This leads to the following
equilibrium and strain displacement relations which are also applicable to the case under
consideration here.

{
de,} = _z{dK,};
dee dKe

(1)

(2)

where
dM" dMe respectively are the increments of radial and tangential moments per unit

length, and dp(r) is the increment of applied load per unit area, see Fig. 1.
de" dee are radial and tangential strain increments.
dK" dKe are increments of curvature of middle plane, and dw is increment of trans­

verse deflection.
The plate is divided into a number of annular elements which are further subdivide~

into several layers of equal thickness symmetrically arranged with respect to middle plane,
see Fig. 2. The material properties are assigned to each layer from the knowledge of load
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FIG. I. Axisymmetric loading.
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FIG. 2. Arrangement of layers along the depth of the plate.

history and on this basis the expression for {tiM} can be formulated as follows:

n jhk
{tiM} = 2 k~l Jh
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[Elkl]{tie}zdz

or

{ tiM
r

} = {tiM} = -[D]{tiK}
tiMe

where

(3)

(3a)

(4)

(5)

(6)

and
Elk) is the elastic-plastic modulus of kth layer, whose expression is developed in the

next section.
Substitution of (3) into (l) leads to the following governing differential equation

. 2 ... (1\)2 (. " 1 .) tip(r)tiw1V+-tiwlll _ - tiwll_-tiw' =--
r r r Dll
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where
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and superscripts denote differentiation with respect to r. The homogenous solution of
(6) depends on parameter A

(a) for A = 1

(7)

(b) for A i' 1.

(8)

The case A = 0 is not encountered in this problem.
The homogenous solutions (7) and (8) are employed to establish the stiffness matrix

of each element.

{dS} = [kJ {dv}
4x1 4x4 4x1 (9)

where
{dS} and {dv} denote the increments of nodal ring forces and corresponding nodal

ring displacements respectively, see Fig. 3.

,..~=t=~=-~r
~ri J {nJ j J
~~ .."a.

z
FIG. 3. Forces and displacements of a ring element.

[kJ is the element stiffness matrix which is given in the Appendix for the case when
Ai' 1, A i' O.

Both tributary area approach and consistent equivalent nodal ring load method [14J
have been employed to convert the transverse distributed load to nodal ring loads. Com­
parison of the results using these approaches indicates little difference. This is partly
because of the small width of the elements used in the analysis for the purpose of assigning
the material properties in each layer. The expressions for consistent equivalent nodal ring
forces are given in [15].

The stiffness matrix of the whole plate is assembled by employing the direct stiffness
method of matrix analysis of structures.
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CONSTITUTIVE EQUATIONS

The main purpose of this paper is to apply the general method presented above to
hardening materials whose constitutive law may be obtained either theoretically or
experimentally. For the purpose of illustration a possible constitutive relation is presented
in this section which can be used in the solution of plate problems.

The material is assumed to be time independent and initially free from residual stresses.
The strain increments for small deformation can be written

(10)

(11)

where E and P respectively designate the elastic and plastic components of the strain
tensor Bij.

The elastic component of strain increment is related to stress increment through
generalized Hooke's Law which for isotropic materials can be written as

l+v v
de,:· = --dr.. --drkk{}··

I) E I) E I)

In order to establish the relations between the plastic components of strain and the
state of stress, the existence of the plastic potential and the validity of the normality rule
at a regular point on the yield surface are assumed. Thus

of
d~ = d~ = dA-;-

urij
(12)

where eij is the deviatoric strain tensor, dA is a non-negative function which may depend
on stress, stress increment, strain and history of loading, and

f(rkJ<, efl' K) = 0

is the yield condition in which K is a work hardening parameter.

(13)
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FIG. 4. Hardening rules.

Several hardening rules have been proposed to take into account the change in size
and shape of the yield surface during plastic deformation. Isotropic hardening, see Fig. 4(a),



980 E. P. POPov, M. KHOJASTEH-BAKHT and S. YAGHMAI

which at progressively higher stresses exhibits uniform expansion of the initial yield surface,
is the most widely used law to describe hardening. This rule, however, does not account for
Bauschinger effect To include this effect, the "kinematic hardening" rule was suggested
by Prager [16J, see Fig. 4(b), and was later modified by Ziegler [17]. Further suggestions
such as piecewise linear yield conditions, which accommodate both translation and expan­
sion of the yield surface, Fig. 4(d), and the concept of yield corner stating that the yield
surface changes only locally, Fig. 4(c), have also been advanced Numerous tests have been
conducted to check these theories. The results are contradictory and no definite conclusions
have been reached so far. In this paper isotropic hardening rule was adopted although
any other rule of plastic flow can be used.

To express the measure of hardening K, two schemes are frequently used [18]. The first
approach suggests that the degree of hardening is a function only of total plastic work

K = K(Wp ), Wp =fLij de~ (14)

The second approach defines K as

(15)

As pointed out by Hill [18J, the above two concepts are equivalent for materials obeying
von Mises yield condition.

Adopting the Mises yield condition and the stated assumptions, expression (13) can be
stated as

(16)

where

and

-P f d-Pe = e
path

in which
J 2 is the second invariant of deviatoric stress tensor
8ij the deviatoric stress tensor
ii the effective stress, and
H a function of equivalent plastic strain
Combining equations (11), (15) and (16) we obtain the basic relation for the plastic

strain increment

or

(17)

where H' = dii/deP is the slope of the ii-eP curve.
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If the data for uniaxial tension test are used to define H', it can be shown that

1 1

H' E, E

981

(18)

where E, is the tangent modulus, and E the Young's modulus. Ifdata from simple shear test
are used, then

(19)

where Ilt is the tangent modulus in shear for the r-y diagram, and Il is the elastic shear
modulus.

For H' to be invariant, the comparison of(18) and (19) leads to the following requirement

3 1-2v

Et Ilt E
(20)

Expression (20) imposes a restriction on E, and Ilt, which generally does not hold true for
all materials.

Substituting for det and de~ from (11) and (17) into (10), and considering the uniaxial
tension test as the basis for determining H', we have

(21)

where

(22)

Inverting equation (21) and specializing for the case of plane stress, we obtain the
following expressions

that are defined in the principal directions of stresses and strains and in which

E - E - E v, -(1-(HS t S2/
iT2

)

12 - 21 - (1-v2K +(1-()[(si +2VS1S2 +sn/iT2J

E - E (+(1_o(sdiT)2
22 - (1-v2K+(1-()[(si+2vS1S2+S~)jiT2]

where

(23)

(24)

(=Et/E;
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Equation (23) is applicable during loading, that is, when

When unloading takes place,

Hooke's law must be used:

of
;;- drij < 0,
UTij

(25)

(26)

(27)

Expressions (25) and (26) are checked at each layer for each increment of load and the
computer has the command to take the appropriate constitutive relations (24) or (27).
In this manner reloading after any unloading is accommodated.

It should be noted that as Et approaches zero, the components of Eij given by (24)
approach the values for an elastic perfectly plastic material described previously [13].

NUMERICAL EXAMPLE

The numerical analysis of the problems has been carried out by an IBM 709(}-7094
digital computer using Fortran IV language.

The behavior of a clamped plate, Fig. 5, subjected to uniformly distributed load was
analyzed. The assumed uniaxial stress-strain diagram of the plate material is shown in
Fig. 6. Poisson's ratio was assumed to be v = 0·33. The plate was divided into 18 elements
which were arranged as indicated in Fig. 5. For the purpose of the analysis the thickness of
the plate was divided into 40 layers. After inelasticity sets in, load increments of 15 and 10
psi were used.

(
10 in, IO@'O.Sin.

~.r-----,r-,---+-----;-T----f;

T

FIG. 5. Finite element idealization of the clamped plate.

The results of analysis are plotted in Figs. 7,8,9, and 10. The effect of inelastic behavior
is evident from the presence of residual deflection after the removal of 560 psi load, see Fig.
7. Noticing the distribution of the residual moments from Figs. 8 and 9, the tendency for
the redistribution of moments can be observed. In the example considered this is not of
appreciable magnitude. The amount of residual moment depends on the hardening rate of
the material. The pattern of redistribution of moments is similar to the results found
previously for elastic-perfectly plastic material [13]. Since in the present method ofanalysis
the variation and degree of inelasticity within each layer of an element is not distinguished,
the calculated elastic-plastic boundaries consist of a series of small steps. These have been
approximated by the curves shown in Fig. 10.
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FIG. 10. Elastic-plastic boundaries.

The solid curve in Fig. 6 shows the original input uniaxial stress-strain diagram which
has been used as the curve for the effective stress-strain relations. The small circles show
the effective stress-strain relationship which is obtained from the stresses and strains in the
plate. The coincidence of these two is a good indication of the rate of convergence of the
solution.

A numerical difficulty was encountered at the initiation of plastic deformation in an
element, that is when the value of A is close to unity. This causes an ill-conditioning of [k]
matrix. To overcome this difficulty two procedures were employed. The first made use of a
series expansion in terms of (1- A) and the factor (1- A)/(I- A) causing ill-conditioning
was removed. The second made use of a double precision field which retains 16 decimal
digits. It was found that the second approach was superior to the first one, partly because
of series truncation and the more involved formulas used in the first approach.

The execution time of the program depends mostly on the number of elements in the
plate and the number of load increments. The number of layers in the elements does not
affect the time consumption appreciably. For a plate with 16 elements and 40 layers about
12 sec are used for the execution of each load increment.

CONCLUSIONS

A general method of elastic plastic bending analysis of axisymmetrically loaded and
supported circular plates has been pr~ented in this paper. The method has a great potential
for applications to axisymmetrical shell problems. The extension of this approach to shells
of revolution is in progress.

In addition to the example presented in this paper, additional cases have been analyzed
[15]. It was found that the sensitivity to the magnitude ofload increments increases as the
rate of hardening decreases, but that in general the results are not unduly sensitive to the
magnitude of load increments. In this sense the results indicate a high degree ofconvergence
of the solution.
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APPENDIX

Elements of matrix [k] for a ring element when A # I, A # 0 are as follows:

{dS} = [k] {dV}
4xl 4x44xl

k ll =~~:p(I-A2){(~r -(~rJ
k 12 =2~pl(I_A2{(1_A)(~r+A-(I+A)(~r-A+2AJ
k 13 = -kll

k
14

=2Dlpl(I_A2)~I_A)(!:1)1+A_(I+A)(!:1)l-A +2AJ
rlj ~ rj r j

k21 = k 12

k22 =~jp(1-A2){(1-A{(~r+A -(~r+AJ

-(I +A{(~r-A -(~r-AJ}- D
ll ~D12

k 24 =~jp(1-A2){(1-A)[(~r-A-(~r+A -(~r +IJ
+(I+A{(~r-A -(~r+A +(~r -IJ}

k31 = (~)k13



where
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k32 = ( ~)k23
k33 -k31

r·
k34 ---!.k 14r j

k41 -k34

k42 = (~)k24
k43 = k34

k44 = Dll + D12 + Dll (1- A)2 {(1- A)[(!:1)1+A
r j rjp r i

(r.)l+AJ [(r.)l-A (r.)l-AJ}
- ~ -(1 +A) ~ - ~

[( r.)l+A (r.)1+AJ2 [(r.)l-A (r.)1-AJ2P= (1-A)2 ~ - ~ -(1 +A) ~ - ~ .

(Received 13 December 1966; revised 6 February 1967)
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Resume--Une analyse gimerale de la flexion de plaques circulaires de materiau en cours de durcissement acharge
et support symetriques aI'axe est presentee dans cet expose. Ceci est un prolongement d'une oeuvre precedente
des auteurs [13] sur I'analyse de plaques circulaires elastiques plastiques. La supposition de Kirchhoff est postulee
et I'enquete se limite aux petites deformations. Dans un but d'illustration,la theorie d'accroissement de plasticite
avec laconditiondevon Mises ala limite d'elasticite et la regie d'Ccoulement associee sone adoptees, et I'ecrouissage
est suppose etre isotrope. Ceci ne presente pas une limite ala methode, etant donne que n'importe quelle loi sur
Ie durcissement plastique peut etre utilisee. Le rapprochement par I'element limite en utilisant la methode directe
de rigidite par I'analyse des matrices des structures est employee pour obtenir la solution. La plaque est divisee
en un certain nombre d'elements annulaires qui sont de plus divises en plusieurs couches Ie long de leurs pro­
fondeurs. Des charges sont appliquees par petits accroissements limiti:s. Pour chaque accroissement de charge,
des qualites de materiau sont assignees achaque couche de tous les elements annulaires et la matrice de rigidite
de la plaque est calculee en consequence. La variation des qualites de materiau au cours de chaque accroissement
de la charge exterieure est consideree. Un exemple de plaque serree acharge uniforme est donne.

ZusammeafllSSUllg-Eine allgemeine Biegungsanalyse axialsymmetrisch belasteter und gestlitzter runder Platten
aus gehartetem Material wird in dieser Arbeit gegeben. Dies ist eine Erweiterung einer friiheren Arbeit de
Authoren [13] liber die Analyse elastoplastischer runder Platten. Die Kirchhoff'sche Voraussetzung wird
angenommen und die Untersuchung ist auf kleine Verformungen beschrankt. Zur Illustration werden die
Zuwachstheorie der Plastizitat mit der von Mises'schen Bedingung und die damit verbundeme Fliessregel ange­
wandt und die Verfestigung wird als anisotropisch vorausgesetzt. Dies ist keine Eigenbeschrankung der Methode
da jedes Hartungsgesetz angewandt werden kann. Zur Losung wird das endliche Element mit der direkten
Steifigkeitsmethode der strukturellen Matritzenanalyse angewandt. Die Platte wird in Ringe aufgeteilt, die
weiter in verschiedene Lagen, der Tiefe nach, geteilt werden. Die Belastung wird in kleinen endlichen Zunahmen
aufgebracht. Flir jede Belastungszunaltme werden flir jede Lage jedes Teiles Materialeigenschaften bestimmt,
und die Steifigkeitsmatritze wird entsprechend errechnet. Die Verschiedenheiten der Materialeigenschaften flir
die gegebenen Belastungszunahmen werden untersucht. Als Beispiel wird eine gleichmassig belastete gespannte
Platte gegeben.
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A6cTpaKT-B pa60Te npe,llCTaBJIeH 06lU,HH paclfeT H3rH6a ocecHMeTpHlfHO HarpYJICeHHoH H onepTOH

KpyrJIOH nJlaCTHHKH H3 MaTepHana C ynpolfHeHHeM. Pa60Ta JlBnHeTCH l1p0,llOnJICeHHeM npe,llhl,llYllleH

pa60Thl aBTopOB [13], KaCalOlU,eHCJI paClfeTa Yl1pyrO-l1JIaCTHlfHhlX KpyrJIhlX nnaCTHHOK. npHHHMaeTcH

,llOl1YlU,eHHe KHpxro(jl(jla. Mccne,llOBaHHH orpaHHlfeHhI ManhlMH ,lle(jlopMaUHJlMH. ,UnJl HnJIlOCTpaUHH

npHHJlTa TeopHJI nnaCTH'l.ecKoro Te'l.eHHH C ycnoBHeM TeKylfecTH MH3eca H accOUHHpOBaHHhlM 3aKOHOM

TelfeHHJI. YnpolfHeHHe l1pe,llJIaraeTCJI H30TP0nHbIM. 3TO He HBnHeTCSl CYlU,eCTBeHHbIM OrpaHH'l.eHHeM

MeTO,lla, TaK KaK MOJICeT 6blTb HCnOJIb30BaH nlO60H 3aKOH nllaCTHlfeCKoro ynpO'l.HeHHJI. 3a,llalfa pellleHa

MeTO,llOM KOHelfHblX ::meMeHTOB npH HC110nb30BaHHH l1pJlMOrO MeTO,lla MaTpH'iHOrO HClfHcneHHSl, H3BeCTHoro

H3 CTpOHTenbHOH MexaHHKH, ,llnH l1pe,llCTaBneHHSl K03(jl(jlHUHeHTOB JlCecTKOCTH. nnaCTHHKa pa3,lleneHa Ha

HeKOTophle 'l.HCnO KOJIhueBblX 3JleMeHTOB, KOTObhle ,llaJIee nO,llpa3,lleJleHbl Ha HecKOJlbKO ClloeB no TOlllllHHe.

npHllaraeMaH HarppKa yellHlfHBaeTCJI MaJIhlMH KOHelfHblMH npHpalUeHHJlMH. npH KaJK.L\OM npHpalUeHliH

Harpy3KH one,lleneHhl CBOHCTBa MaTepHana KaJIC,llOrO CJlOH BO BCex KOJIbueBhlX 3JIeMeHTax H COOTBeTCTBeHHO

paClfHTaHa MaTpHua KoJljl(jlHUHeHTOB JlCecTKOCTH l1naCTHHKH. MCCne,llyeTcSl H3MeHeHHe CBOHCTB MaTepHarra

,llJIJI KaJIC.L\Oro npHpalU,eHHJI BHeWHeH Harpy3KH. npHBO,llHTCH npHMep paClfeTa paBHOMepHO HarpYJICeHHOH,

3a,lleJIaHOH nJIaCTHHKH.


